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To illustrate some Hilbert Space properties of the co-
Poisson summation, we will assume K= Q. The components
(ay) of aw adele o are writtew ap At fivite places and Ay
st the real place. We have an embedding of the Schwartz
space of test-funetions oo R ivto the Bruhat-Schwartz
space o0k which sevds Yy to @la) = My, |, Capd -
V(ad), ANd we write Eé(g\ for the distribution o0 R thus
obtaived from E(q) on A
Theorem ). Let g be A compact Bruhat-Sehwartz funetion
on the ideles of Q. The co-Poisson summation Eé(gﬁ is A
square-integrable funetion (with respect to the (ebesque
measure). The CLZ(R) funetion E{ZCED is egual to the com-

stavt — fo 3Cv3|v|_'/ Z4™v o A Neighborhood of the origin.

Proof. We may first, without changing avything to €L,

replace g with its average under the action of the fivite
ooit ideles, so that it may be assumed iwvariavt. Aoy
such compact ivvariant g is A fivite livear combivation of
suitable multiplicative travslates of fuvetiovs of the type
9t = 1, I|VP|P=,(VP3 SEv) with ) & smooth compactly

supported function on RY, so that we may assume that g
has this form. We claim that:

[ et 3 l5Can)l IVl &% < oo
e
hdeed Foeqx [9lanl = IELIVDL + [€C-IvDI is bounded above

lo_tj & multiple of Ivl. And fo |(p(v3||v|3/zc\,*v < o for each
Bruhat-Schwartz funetion on the adeles (basically, Grom

M,0 - p73/57 < o). So

9L,
€'Y = Z NELIETH! Ivl &"v— a7 v | @lx) dx
Q™ f fx \/m f*

E'(NL) = v/ Vvl &*v— —A v | @) dx
5 g‘x f D3 f fA



Cet us wow specialize to @(a) = 1, ol 1 (Y - WA, Each

integral can be evaluated as an iNfivite produet. The
fivite  places contribute O or | according to whether
9 € QF satisfies l‘ilf’ <l or wet. So oy the inverse
integers g = I/0, v € 2, contribute:

at Y 8t
E (PN = @S AN ltl—— EY-
0= 3 et IS Ve 2iel oo

We can Wow revert the steps, but this time oo R* and
we get:

/0yt £ty at
ELNN = [ vt - W) dx
" fk Zz. Viol 2.4t fE Vier2lel fE

Cet us express this in terms of a(_up = (CL_«.D*’CC—j\\/Z \/I_uj_l :

Cy / 3 oo aly)
€/ (W) = f \IIC:DZ“ gy - a—c\j f wix) dx

o)

Se the distribution E{Z(g\ is v fact the evenw smooth
Lonetion

SHANOEDY

o)

a(j/ 143 00 (X,Qj\
_ f dy
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As  alyd has compact support i R\ 803, the summation

over W 2| cowtaivs omly vanishing terms for l_tjl small

auouak Se € 2 (9 is equal to the covstant - fo =P

£ &

‘;‘2 le [ = \ﬁx 5t/ ‘/m&*t o A ueiakbov-kooé of O.
To prove that it is L2, let BLY) be the smooth compactly
sopported funetion all/y)/2lyl of yeR (BLOY = O). Thew
(_Lj # O):

A(_Lj—

e = Y - e 2y - [ By
ueZ_I l



From the usual Poissonw summation formula, this is alse:

> v = [ By = 3 i)

NES. NFO

where () = [ expli2my)pl) dw is & Schwartz rapidly
decreasivg funetion. From this formula we deduce easily
that Eé(g}(_tp is itsel v the Schwartz class of rapidly
decreasivg fumetions, avd v particular it is is square-
integrable. O

It is useful to recapitulate some of the results arising

i this proot:

Theorem 2. Let g be A compact Brohat-Schwartz function
on the ideles of Q. The co-Poisson summation E"ZC@ is

a0 even funetion on R in the Schwartz class of rapidly
decreasing funetions. It is constant, as well as its Fourier
Tranvsform, in & weighborhood of the origiv. It may be
written As

(l(j/ '43 0o (X,(j\
€M) = - f 4
R 4 'JZZI N o Y
with a funetion aly) smooth with compact support by
from the origin, and comversely each such formula cor-
responds to the co-Poisson summation Eé(g\ of & com-
pact Brohat-Schwartz function on the ideles of Q. The
Fourier transform &Eé(gﬁ(ﬁ) exPUan_tp c\_«.j corresponds 0

the formula abeve to the replacement aly) - a(l/jE/ ljl-

Evev-jtl-xiug has been ocbtaived previcusly.



