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Theorem [. Let there be given indeterminates u;, ui, ki, x;, ys b, for | <i < n. We
define the following n x n matriceg

V] Uo Un Vi Vo ... Vn
U, = k[VI kQ_VQ_ c. ann V. = k[U{ k2U2 e knun ([)
T kKA Kup L Ko, I VI IV A

where the rows contain alternatively u’s and v’e. Similarly:

lX[ IXQ - [Xn ly[ lyz - [Hn
I 1T _ |k laXa ek
Xo = [[2X[ I%XZ o l%xn Vi [{291 (%UZ ce lnzgﬂ 2)
There holdg I U X
Uy —Vixjy _ n /‘n
+ = 3
[gifj;én( [ -k ) T Jﬂj ~k) Vo Ya 2nx2n =

Proof. Let A, B, C, D be n x n matriceg, with A and C invertible. Using <é 8) =

(59) (: ng) we obtain

A B
CD

where vertical barg denote determinante. Let dlu) = diaglu;,. . .,u.) and p, =
[Tcicn ti- We define similarly d(v), dix), dly) and py, px, py- From the previous
identity we get

Adlu) Bd(x)
Cdlv) Ddly)

= [AlCICTD - A8l (4)

= AICl pypy

dvrCDdly) - diu A Bdlx)|

= (Auc[\d(u)c—fod(g) - d(v)A—'Bd(x)]
The gpecial cage A=C, B =D, gives

Ad) BAW| o
Adv) B, , ~ oAV det llug —wogaTBY) (6]

Let Wik) be the Vandermonde matrix with rows (1... . 1), (k;. .. ky), (k> ... k2), ...,
and Alk) = det W(k) ite determinant. Let

Kt = T (t -k (7)

[<m<n




and let C be the n x n matrix (¢im)<in<n, where the cin’e are defined by the partial
fraction expangione:

i~ .
[<i<n ﬁl%n*?mkm (8)
We have the two matrix equations:
C = Wik) diagliclk ", ..., Kk, (92
C- ! e = W0 iaghl, . KL (9b)

Thig gives the (well-known) identity:

(ﬁ) = diaglkClky), ..., K (ko DU W) ciaglKCY, .. K(,))
I<m

X Jgn

(10)
We can thug rewrite the determinant we want to compute ag:
UY; = ViX; ’
% | - [T¢k) HK(I Jiug - k- w0
<ij<n

We ghall now make uge of (6) with A = W(k) and B = WI).

3 I u) Wid(x)
Ak [k HK(U[‘W(k Wil )‘
I<igsn (12)
(n“” Wikdlw) W(Hd(x)
H T~k (W) wibd(y)

UY; = ViX;

=

2nx2n

The sign (-2 = (3] ig the cignature of the permutation which exchanges
rows i and n+ifori=24,. . 2[5]and trancforme the determinant on the
Un

right-hand side into v, i;: : O




