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Theorem 1. Let there be given indeterminates uj, vi, ki, x;, Yi, L, for

1<i1<n. We define the Fo”owingn X n matrices

Uy 85) R Un Vi \%) . Vh
l(]V] l(zV)_ c. l(nVn ‘<1U] ‘(zU)_ R knun
Un = k2o, kZu, ... Kiu, Vn = kzvi kv, ... k2,
M
where the rows contain alternativelg u’s and v’s. Similarlgz
X X2 c. Xn 5] 92 ce 9n
I]ﬂ] IZHZ e lngn lIX] Iz)(;_ Ce lan
Xn = |,2x1 l%xz o lﬁxn Y= I]Zgl Iﬁgz . Iﬁgn 2)
There holds
Uiy — ViX; 1 un xn
det (/=) - X ®
IShjsn lJ - l<i H[J (l} - k[) n N12nx2n

Proof. Let A DB C D benxn matrices, with A and Cinvertible. Using

(2B)=(52)(1&5) we obtain

A B
c D

‘ = |AlICc'D - A7) S5
where vertical bars denote determinants. Let d(u) = diag(u;, ..., Up)

and Pu = [Tcichui- We define similarly dv), d®), cl(g) and Pvs Pxs Py-
From the Prcvious ic[cntitg we get

= |AlIC] pupy

‘Ad (u) bd (X) d(V) ~]C~1Dd (H) - d(u> ~]A~]5C{ (X) }

Cdv DPd(y

= AIC[d P (y) - dWATB)|
)

The sPccia! case A=C, B =D, gves

AdW) BdX)
Ad(W) By

= det(A)? det ((Ulg_J’ - Vi>§j) (A~]5>ﬁ) @)

1<,
2nX2n BJSn



Let W (k) be the Vandermonde matrix with rows (1... 1D, (ky ... k), (k2. . k2),
yand A = detW(k) its determinant. Let

K® = J] @&-kn) @)

1<m<n

and let C be the n x n matrix (Cim)]ggjmgnj where the Cim'S are defined
bg the Par’cial fraction exPansions:

, tM Cim
Iélén @:Zt—~‘<m <8>

1<m<n

We have the two matrix equations:

C =Wk diag(/ ), K/ k)™ (9a)

! =W diag( )., KA (9b)

C-(

5 _ km )lgmjén

This gives the (well-known) ic]cntitg:

<| l‘) = diag(K’ ), .. K EDwd'wd diag(K(IIT‘, kAo
J- m lgmjén

(10)
We can thus rewrite the determinant we want to compute as:
Uiyj - V,’)ﬁ ) , . }
Ij —k - H K' (k) H Kdﬁ ‘(ngj - Vi><J‘) wk) W(I))U .
' Iijsn 7 J

()
We shall now make use of (€) with A = W) and B = W()).

Uy — Vi ) N . o (Wdodw wdhde
| e® HK%)]}K(’P wiodw wihdy
lgljgn
_ e 'wcbdcu) whd
I, -k [wdode) widda|

(12)

The sign (=Dr-0/2 = (_)Blis the signature of the Permutation which

exchanges rowsiand n+ifori=2,4..., 2[°] and transforms the



n >QI’\

Vo Yi
Proomc. =

determinant on the right~hand side into . This concludes the




