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Theorem 1. Let there be given indeterminates u;, v;, Ki, X;) Y, b, for
1< i < n. We define the following n x n matrices

Uy Us U, (%1 (%) Uy
Kior Kz ... KyOn g | K Kt Kt
Un = K2y KPup ... Kiu, n = Kfvr Kive ... KPvn
(1)
where the rows contain alternatively u's and v ’s. Similarly:
Y Y Yo . Yy
Ly Ly ... Ly, Lxe bxe - L
il R 2 O N e e
(2)
There holds
Uil — Ui 1 U, X
det = 3
lgi,jgn( 4_& ) Hl,](g_k‘) Va 9/;1211><2n ()

Proof. Let A, B, C, D be n x n matrices, with A and C invertible.
; ABY_-/a0)(1a'3 j
Using (2 2) = (72 (1 C,1®> we obtain

A4 B| _ 1 —1
’C 2 -1aliclicip—a sl 4)

where vertical bars denote determinants. Let d (u) = diag(uy, ..., u,)

andpy, =[] ,c;c, hi- Wedefine similarlyd (v), d (x), d (y) and p,, pr, py-
From the previous identity we get

'ﬂlcf(u) Bd (x)

Cilw) | = AICT P

d(v)1CDd (y) - d(u)—lﬂ—la%(;c)(
= 14| |c|(¢(u)c*w(y)_ d(v}ﬂ*ﬂ%z{(x)‘
(5)
The special case A = C, B = D, gives

Ad (u) Bd(x)
‘ﬂcf(v) Bd (y)

= det(AF det (g~ 05)(A'B)) (6)

2nx2n



Let W(K) be the Vandermonde matrix with rows (1...1), (K;...Ky),
(Kf...K7), ..., and A(K) = det W(K) its determinant. Let

x(t)= T[ (t- k) (7)

1<m<n

and let C be the n x n matrix (Cim)i<im<n, Where the ¢y, 's are defined
by the partial fraction expansions:

' t! Cim
1<i<n m= Zm (8)

We have the two matrix equations:
C=MW(k)diag(K'(K)"..., K'(k)™") (9a)
=W([)diag(K(L)"..., K(L)')  (9b)

1<m<n

1

CT-(Zf:_E;)1<mJgn

This gives the (well-Known) identity:

(4 -ikm) = diag (K (Ke),-.., K (k)W (K) "W () diag (%(6),..., K (,))
I<mj<n

(10)
We can thus rewrite the determinant we want to compute as:
%ZJ - @79 =TT (k) TT K6) | (wiy—vi (W (R W (L))
I<ij<n m j

(11)
We shall now make use of (6)with A =W (K)and B = W([).

w5 e W (0) WO ()
ik |, ARG 0 ) 10) wiia(y)

()" Wk (w) W) (x)
[T, (E— &) |W(K)d (v) W(L)d(y)

I<ij<n

2nx2n
(12)

The sign (—1)"("V? = (—1)[3] is the signature of the permutation
which exchanges rows i and n +i fori = 2,4,...,2[%] and transforms

ua, X, .
V. o This concludes

the proof. []

the determinant on the right-hand side into




